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Abstract
A heterogeneous model has been derived for a fixed-packed bed reactor producing methanol. The intra-particle mass
diﬀusion fluxes are described according to the Maxwell–Stefan and dusty gas closure laws and a bi-dispersed random
pore model is adopted to elucidate the eﬀects of the pellet pore size distribution on the impact of the reactor perfor-
mance. The simulation results reveal that the overall reactor performance is sensitive to the the bimodal description
of the pore size within the catalyst pellet due to the Knudsen diﬀusion mechanism. Although the dusty gas model has
been frequently adopted in chemical reactor modeling, the model has certain shortcomings that have been subjected to
criticism in the literature.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the organizing committee of
2nd Trondheim Gas Technology Conference.
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1. Introduction
The methanol synthesis is an important large-scale process considered by the Norwegian gas industry
for utilization of natural gas. After ammonia, methanol is quantitatively the largest product produced from
synthesis gas. Cooled multi-tubular packed-bed reactors are widely used in methanol production. From
a modeling point of view, heterogeneous models [1] are commonly employed to describe heat and mass
transport in fixed packed bed reactors. A set of equations describing the reactor and a set of equations
describing the catalyst pellet constitute the heterogeneous model, hence intra-particle mass and heat trans-
port limitations are explicitly modeled contrary the pseudo-homogeneous models utilizing an eﬀectiveness
factor.
Intra-particle diﬀusional limitations often play an important role in design of chemical reactors. Adopt-
ing a heterogeneous model simulating a fixed bed reactor producing methanol, Solsvik and Jakobsen [2]
recently compared several closures for the intra-particle mass diﬀusion fluxes [3, 4] (Maxwell–Stefan [5, 6],
dusty gas [7, 8], Wilke [9], and Wilke–Bosanquet [10]) on the level of the catalyst pellet and further inves-
tigated the impact of the diﬀerent pore diﬀusion fluxes on the reactor performance. The eﬀects of Knudsen
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Nomenclature
Latin Letters
a Specific surface area of pellet [m2/m3]
B Permeability, [m2]
Cp Heat Capacity, [J/kg K]
D Diﬀusivity, [m2/s]
D′ Dispersion coeﬃcient, [m2/s]
D˜i, j Maxwell–Stefan diﬀusivities, [m2/s]
Di, j Binary diﬀusion coeﬃcient, [m2/s]
Di,K Knudsen diﬀusion coeﬃcient, [m2/s]
d Diameter, [m]
f Friction factor
h Heat transfer coeﬃcient, gas–solid, [W/m2 K]
Δhk Heat of reaction k, [J/kmol]
k Mass transfer coeﬃcient, gas–solid, [m/s]
L Reactor length, [m]
M Molecular mass, [kg/kmol]
n Number of gas species
p Pressure, [Pa]
Q Heat conductivity flux, [J/m2 s]
r Radial coordinate in reactor, [m]
r Reaction rate, [kmol/kg s]
R Gas constant, [J/kmol K]
R Radius, [m]
S ′ Heat Source term, [J/m3s]
S Mass source term, [kg/m3s]
T Temperature, [K]
U Heat coeﬃcient, [W/m2K]
z Axial coordinate in reactor, [m]
j Mass diﬀusion flux, [kg/s m2]
u Mass averaged velocity in reactor, [m/s]
v Mass averaged velocity in pellet, [m/s]
Greek Letters
 Void fraction
λ Conductivity, [W/m K]
μ Dynamic viscosity, [kg/m s]
ω Mass fraction
ρ Density, [kg/m3]
τ Tortuosity
ξ Radial coodinate in pellet, [m]
Subscript
a Ambient; outside reactor wall
b Bulk
g Gas
i, j Indicate species type
k Reaction index
p Pellet
pore Pellet pore
r Radial direction in reactor
s Surface
t Tube
z Axial direction in reactor
0 Reactor inlet condition
ξ Radial direction in pellet
Superscript
∗ Dimensionless variable
e Eﬀective
s Superficial
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diﬀusion were elucidated by comparing the dusty gas and Wilke–Bosanquet models for mono-disperse
pellets, with the bulk diﬀusion Maxwell–Stefan and Wilke models. The regime where the diﬀusion process
is dominated by gas molecule-pore wall collisions is called the ”Knudsen regime” or ”rarefied gas state”.
Solsvik and Jakobsen [11] outlines the derivation of the rigorous Maxwell–Stefan and dusty gas models and
the simpler Wilke and Wilke–Bosanquet models. In this work, we extend the work by Solsvik and Jakobsen
[2] elucidating the impacts of the pellet pore size distributions on the reactor performance, because porous
catalyst often show a strongly bimodal pore size distribution which may reflect on the mass fluxes. For this
purpose, the dusty gas model is adopted where the eﬀective diﬀusion coeﬃcients are described according to
a bi-disperse random pore model [12]. The simulation results obtained with the dusty gas model have been
compared with the Maxwell–Stefan model which assumes bulk diﬀusion only and is thus independent of
intra-particle pore size distribution. Moreover, the simulation results of the pellet holding a bi-disperse pore
size distribution are compared with a pellet of uniform pore size.
Accurate models for multicomponent mass transport are a prerequisite for the design of many industrial
processes and the interpretation of experiments. The reliability of the dusty gas model has been subjected
to critique in the literature, hence the assumptions underlying the model and recent criticisms are discussed
in the sequent section.
2. Dusty gas model
The prediction and correlation of fluxes for diﬀusion and flow of gases through porous solids, such as
catalysts, are of considerable importance. Reactions catalyzed by porous solids are limited in many cases
by the rate of transport of reactant molecules through the catalyst pores to the active catalyst surface. Mass
transport in a porous solid is complex. Several mechanisms of transport, including continuum diﬀusion,
Knudsen diﬀusion, viscous and slip flow, as well as surface migration, may contribute to the flux of gas
through the pores of the solid [8, 13].
To describe the combined continuum and Knudsen diﬀusion fluxes within porous material the dusty gas
model can be used. The dusty gas model basically represents an extension of the multicomponent Maxwell–
Stefan bulk diﬀusion model where a description of the Knudsen diﬀusion mechanism is included. In order
to describe the combined continuum and Knudsen diﬀusion fluxes, the dusty gas model considers the porous
medium as one component of the mixture. Hence, the wall medium molecules are treated as an additional
pseudo component in the gas mixture such that the n gaseous species present in the diﬀusing mixture are
supplemented by an (n + 1)th dummy species, known as dust. The dust species are massive molecules, i.e.
M → ∞, which are uniformly distributed in space and held stationary by an external clamping force. This
implies that both the diﬀusive flux and the concentration gradient with respect to the dust particles vanish.
By varying the proportion of dust particles dispersed among the gas molecules it is possible to move from a
situation where most momentum transfer occurs in collision between pairs of gas molecules, to one where
the principal momentum transfer is between gas molecules and the dust particles. Thus, with the dusty gas
model, flux relations over the whole range from bulk diﬀusion to Knudsen diﬀusion can be described. The
mathematical description of the dusty gas model is given elsewhere [3, 4, 8].
Knudsen diﬀusion refers to a gas transport regime where the mean free path between particle-particle
collisions, λ, is significantly larger than the characteristic spatial dimension, d, of the system considered.
Quantitatively, Knudsen diﬀusion appears to dominate for values of d/λ less than 0.1. When the ratio
d/λ is greater than about 10, bulk diﬀusion predominates. The transition region between Knudsen and
bulk diﬀusion is of considerable importance because many processes involving gas transport in restricted
geometries lies in this region. Mesoporous materials, i.e. pore sizes between 2 and 50 nm, are used in a
variety of solid catalyzed applications. The diﬀusion inside mesopores is governed by a combination of
molecule–molecule and molecule–pore wall interactions.
From the classic Knudsen formula the value of the Knudsen diﬀusion transport coeﬃcient, Di,K, can be
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computed:
Di,K =
dpore
3
√
8RT
πMi
(1)
The Knudsen formula (1) was originally verified [14, 15] in macropores, i.e. pore size in the range of 50 nm
to 50 μm, but is widely applied at the mesopore scale with adsorption eﬀects neglected [16]. Because of
the assumption that every gas–wall collision is purely diﬀusive, the computed Knudsen diﬀusion coeﬃcient
by Eq. (1) is considered to be an ideal upper limit [17]. The adsorption eﬀect (van der Waals interactions)
lowers the Knudsen diﬀusivities because adsorption causes the molecules to ”stick” to the wall, and perhaps
hop to a neighboring adsorption site, rather than return to the bulk after collision. Hence, the trajectory
of a weekly adsorbed gas molecule strikes the pore wall and return to the bulk largely in keeping with the
diﬀusive reflection scenario prescribed by the Knudsen theory. On the other hand, the trajectory of strongly
adsorbed species are largely influenced by the hopping of the molecules to neighboring positions along
the surface, rather than being reflected into the ”core” of the pore. The validity of the Knudsen formula
(1) is thus based on the requirement that the time during which the molecules are in the free space (i.e.,
under the influence of the uniform potential of the gas phase) significantly exceeds the time during which
the molecules experience the attractive forces of the surface. This is equivalent to the requirement that the
number of molecules in ”bulk” notably exceed the number of molecules closer to the surface [18].
Because Eq. (1) holds in the limiting case of purely diﬀusive collision, i.e. when the molecules does not
adsorb at pore walls, the validity of the correlation is debated in the literature. The results of the studies of
[16, 18–22] cast doubts on the validity of the dusty gas model when applied to mixtures in which at least one
of the species has strong adsorption characteristics, because of the neglection of van der Waals interactions
between the wall and the diﬀusing molecules in the purely hard sphere analysis of Knudsen.
The theoretical foundation of the dusty gas model considers that the model is applied to a transition
regime between Knudsen and continuum bulk diﬀusion. To estimate the combined flux the model is based
on the assumption that the combined flux can be expressed as a linear sum of the resistances of the Knud-
sen regime and the convective laminar flow regime. The viscous velocity is normally computed from the
pressure gradient by use of a phenomenologically derived constitutive correlation, known as Darcy’s law,
which is based on laminar shear flow theory. Laminar shear flow theory assumes no slip condition at the
solid wall, inducing viscous shear in the fluid. Knudsen diﬀusion and slip flow at the solid matrix separate
the gas flow behavior from Darcy-type flow. Whenever the mean free path of the gas molecules approaches
the dimensions of pore diameter, the individual gas molecules are in motion at the interface and contribute
an additional resistance. This phenomena is called slip flow. In slip flow, the layer of gas next to the surface
is in motion with respect to the solid surface. Strictly, the Darcy’s law is valid only when the flow regime is
laminar and dominated by viscous forces.
3. Mathematical model
A two-dimensional steady-state heterogeneous model of a fixed packed bed reactor is derived. Tables 1
and 2 hold the mathematical model and boundary conditions, respectively. The set of model equations are
made non-dimensionalized according to the defined dimensionless variables (2).
The random pore model [12] for bi-disperse pore system suggest the eﬀective diﬀusivity (11) where 1
and 2, in this work, denote the inter-agglomerate and inter-grain voids, respectively. Thus, the void within
the pellet is divided into two diﬀerent regions in which each region constitute a void fraction characterized
by cylindrical pores having a mean pore radius, rpore,1 (inter-agglomerate void) and rpore,2 (inter-grain void)
[23].
The kinetic reaction rate expression presented by Graaf et al. [24, 25] is adopted and the reactor operation
conditions are specified in table 3. Further details on the model and solution algorithm are provided by
Solsvik and Jakobsen [2].
T ∗ =
T
T0
ρ∗g =
ρg
ρg,0
p∗ =
p
p0
us,∗z =
usz
usz,0
r∗ =
r
Rt
ξ∗ =
ξ
Rp
z∗ =
z
L
(2)
120   Jannike Solsvik  and Hugo A. Jakobsen /  Energy Procedia  26 ( 2012 )  116 – 124 
Table 1. Mathematical model.
Reactor equations
Species mass balances:
∂
∂z
(uszρgωi) =
D′i
r
∂
∂r
(rρg ∂ωi
∂r
) − kiaρg(ωi − ωp,s,i) (3)
Heat balance:
ρgCpg usz
∂T
∂z
=
λr
r
∂
∂r
(
r
∂T
∂r
)
+ h a(Tp,s − T ) (4)
Continuity equation:
∂
∂z
(ρgusz) = 0 (5)
Momentum equation (Ergun equation) [4, p. 958]:
dp
dz = − f ρg
(usz)2
dp
(6)
Total gas density change:
∂ρg
∂z
=
∂
∂z
( pMg
RT
)
(7)
Pellet equations
Continuity:
1
ξ2
∂
∂ξ
(ξ2 vsξ ρg) = 0 (8)
Species mass balance:
1
ξ2
∂
∂ξ
(ξ2 vsξ ρg ωi) = −
1
ξ2
∂
∂ξ
(ξ2 ji,ξ) + S i (9)
Heat balance:
ρg
n∑
i=1
ωi Cpi v
s
ξ
∂T
∂ξ
= −
1
ξ2
∂
∂ξ
(ξ2Qξ) + S ′ (10)
Constitutive equations
Eﬀective diﬀusivity [12]:
De = D121 +
22 (1 + 31)
1 − 1
D2, p = 1 + 2 (11)
Maxwell-Stefan [4]:
ji =
−ρgωi∇ln(Mg) − ρg∇ωi + Mg ωi
n∑
j=1
ji
j j
M j D˜i j
Mg
n∑
j=1
ji
ω j
M j D˜i j
(12)
Dusty gas [4]:
ji =
M2g
n∑
j=1
ji
ωij j
M jD˜i j
−
vρi Mg
DiK
− ρg(ωi∇Mg + Mg∇ωi)
M2g
n∑
j=1
ji
ω j
M jD˜i j
+
Mg
DiK
(13)
Ideal gas law:
p =
ρgRT
Mg
(14)
Other relationships:
n∑
i=1
ωi = 1 (15)
n∑
i=1
ji = 0 (16)
Darcy’s law (viscous gas flow)[26]:
v = −
B
μ
∇p (17)
Permeability [4]:
B =

τ
d2pore
32 (18)
Heat flux (Fourier’s law):
Qξ = −λp ∂T
∂ξ
(19)
Mass source term:
S i = (1 − p)Miρpri (20)
Heat source term:
S ′ = (1 − p)ρp
∑
(−ΔHrk )rk (21)
Mass transfer coeﬃcient (gas–solid) ki [27]:
S h = 2 + 1.1(S c)1/3(Rep)0.6 (22)
Heat transfer coeﬃcient (gas–solid) h [28]:
Nu = 2 + 1.1(Pr)1/3(Rep)0.6 (23)
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Table 2. Boundary conditions.
Pellet
BCs for symmetry point in pellet, ξ = 0, ∀ z, r:
ji,ξ = 0 (24)
Qξ = 0 (25)
BCs for pellet surface, r = rp, ∀ z, r:
−ki (ρbi − ωi ρ) = ji,r + vsr ρωi (26)
Qr + ρCpg T vr = −h(T b − T ) (27)
ρ = ρb (28)
Reactor
BCs for symmetry point in reactor tube, r = 0, ∀ z:
∂ωi
∂r
= 0 (29)
∂T
∂r
= 0 (30)
∂uz
∂r
= 0 (31)
BCs at reactor wall, r = Rt, ∀ z:
∂ωi
∂r
= 0 (32)
∂T
∂r
= −
U
λr
(T − Ta) (33)
∂uz
∂r
= 0 (34)
BCs for reactor entrance, z = 0, ∀ r:
T = T0 ωi = ωi,0 usz = u
s
z,0 p = p0 (35)
Table 3. Specifications of the reactor operating conditions used in the simulations.
dp (m) 0.0042
dpore,1 (nm) 15
dpore,2 (nm) 1
dpore (nm) (mono-disperse) 1-14
dt (m) 0.102/0.132
L (m) 7
p 0.5
τp 4
p0 (bar) 50
T0 (K) 500
Ta (K) 520
us0,z (m/s) 1.5
ρp (kg/m3) 1775
λp (W/m K) 20
λt (W/m K) 52
Cpp (J/kg K) 1000
ω0,i (-)
MeOH 0.014344
CO 0.33101
CO2 0.19728
H2 0.36631
H2O 0.0018358
CH4 0.089222
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4. Results and discussion
Figure 1 holds simulation results with bi-disperse (a) and mono-disperse (b) pore size distributions (a)
within the pellet. For the bi-disperse pore size distribution, dpore,1 = 15 nm and dpore,2 = 1 nm, and 1 and
2 are varied in the range [0 0.5] with the constrain 1 + 2 = 0.5. The mono-disperse pellet simulations
are performed with 2 = 0 in the random pore model (11) and dpore,1 ranging between 1 and 14 nm. For this
study the dusty gas model has been adopted. In addition, the simulation results have been compared with
the bulk diﬀusion Maxwell–Stefan model.
The noticeable findings are as follows: (i) For the reactor operation conditions adopted in this study,
the overall reactor performance is sensitive to the bimodal pore size distribution within the catalyst pellets,
i.e. 1 and 2 in Eq. (11). (ii) Adopting a mono-disperse pore size distribution, the reactor performance is
influenced by Knudsen diﬀusion for mean pore diameters smaller than 8 nm. (iii) With increased pore size
the simulation results of the dusty gas model approach the prediction obtained with the Maxwell–Stefan
model; in accordance with the theory.
The validity of the simulation results where the mass diﬀusion fluxes are described according to the
dusty gas model, may be influenced of molecules that adsorb at the pore walls. Adsorption on the pore walls
cause violation of the Knudsen prescription because adsorption makes the molecular trajectories curve back
towards adjoining surface regions and lowers the diﬀusivity through the pore [18].
Further work may evaluate, e.g., the eﬀects of pressure on diﬀusion, and the eﬀect of surface area. If the
reaction rate depends on the catalyst pore surface, reaction rates are in general relatively faster in the smaller
pores where diﬀusion is slower. This phenomena may be more important than the eﬀect of bi-dispersity
where the eﬀect basically comes from the fact that the diﬀusion mechanism in the smallest pores may be
diﬀerent to those in the larger ones.
5. Concluding Remarks
A heterogeneous model description of a fixed packed bed reactor is derived where the dusty gas and
Maxwell–Stefan models are used to describe the intra-particle mass diﬀusion fluxes. A random pore model
is adopted to elucidate the impacts on the reactor performance adopting a bi-disperse and mono-disperse
pore size distributions within the porous structure of the catalyst. The methanol synthesis is the example
considered in the present numerical study. The dusty gas model is frequently used in chemical reactor
modeling in order to include the eﬀects of Knudsen diﬀusion. It is noticed that this pore–wall-aﬀected
diﬀusion flux model has been subjected to criticism in the literature. A shortcoming of the dusty gas model
is the failure of the Knudsen prescription caused by adsorption phenomena. This is due to the neglection of
van der Waals interactions between the wall and the diﬀusing molecules in the purely hard sphere analysis
of Knudsen diﬀusion.
Within the rarefied gas state, the reactor performance is sensitive to bimodal pore size distribution.
Simulations with mono-disperse pore size distribution elucidate that Knudsen diﬀusion is important for the
reactor performance for mean pore diameters smaller than 8 nm; for the reactor operation conditions adopted
in this study.
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(a) Bi-disperse pore size distribution.
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Fig. 1. Mass fraction of methanol and temperature at the reactor level. Impacts on the reactor level of bi-disperse (a) and mono-disperse
(b) pellet pore size distribution.
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